
⑨ 516.7 general coordinate ①

transformations-

· We used the geometry of

polar/cylindrical/spherical coord

transformations to get the

amplification factor
for areavolume

Polar: dxdy =rdrdA

Cylindrical: Axdydz=rdrdadz

Spherical: dxdydz=singdedd.dA
· How does it work

in general?
3D

2.D
X =g(n,v,v)

x =g(u,v)
or y =h (n,v,w)

y =h(n,u) k =k(n,v,k)



· Compare with the 1-dimensional&

Substitution principle of Math z1B

Mbb =g(ub)

I =f4f(X)aX =5f(G(n)) gul on the
x =g(u)

a =g(0a)wm
A

<
dx =(u)&1
#

Amplificationengthfactor
A =g(u) x =g(n)

Picture:
* -
A

m =g(u) =d Xax
dx =g(n) dn : ang(u) =dEM
ne

A ↓ >u



· Consider 2-dimensions ③

I =$S f(x,y)dxdy
Rxy x =g(n,v)

Theorem : y
=h(n,v)

-

-

SSf(x,y) dxdy
Rxy

-S/f(g(n,H,h(n,v)) Adndv

Rav

A =det/angv =det re
= 9h - g.hn



④
Ex Check Polar Coordinates:

x =r(0SF
=g(r, A) u

=V

y
=vsinA = h(r,*) v

=0

-g =(28,29) =(OSA, - Usingand

Ph =(oh, zh) IsinA, rco

A =det)
-89
-

↓ =Det 1
COSO-rsinA

1- Th - sind ros

gahv gv hu

=(OSA) (rcosA)-C-rsinA)(sin*)
= OcosA+rsiniA =r(cos+sinA

=r



·Mary : mif(g(0,v),h(u,).
⑤

2-D: SSf(x,9) dxdy =$SFcnvc].dav
-

Rxy dAxy pRuv ↑ dAny

x
=g(u,V) det/gugv
y =h(u,v)

3-D:J/C f(x,35)dAxz=SSSF(G,v,w)/=.08 dAnrw
-7k-

Dxzz ↑ Darw ↑

x =g(n,v,w) In Irgw

y
=h(y,vw)

def Ihuhosw
z

=k(u,v,w) knkv kw



⑥

·Notation:Since theseries givenby
~

a Jacobian Determinant, we

usually denote it by 5
straight lines

Eg:x
=g(n,v)

mean determinant

y
=h(n,v) v/

J =det/gngv=gu
1"use 5 instead of A

"

Sometimes - 5 =ongv) 8
151 =detgugr I



· More Notation - ⑦

whenwe write

1st row g
5 =19n8-2nd row Th

-g =(8n,Gr) =(G8(u,v),2.g(n,v()
Th =(huch) =(h(n,v),z(n,v))
Recall:

28(n=lingon
goalis

ΔD
-

↑"slope in
-g(n,v) points direction a
in direction of at pf (n,v)

"

steepest increase



ths: a coordinate change is %

given by:
x =g(u,v)

(9,V) -> (x,y) y = g(u,v)

< Istrow-g
5 =12ngy =1.0isasadrowth
Another notation:

5 =GiN TiNYs(
-

Matrix
I.e.x =g(n,v) of

Partial

2x =9.
=6 use Derivatives



⑨

Examplesare x =2u +3V

y
=
- n +v

Find I such that dxdy:Jdudv

soln.5 =18.yloxuo
=((,) =2 +3

=5

dxdy =5 dudr.

So:SS f(x,3)dVxy
=J/f(2u+3v,-u+v)5dV

Rxy Rav



ɩ
② Assume: x

=2n - V - W

y
=u + V

z
=u +V +w

Find J stdxdydz=Jdududu
2
- 1 - 1

Soln: O5 =xixttt i 1I
"To evaluate, expand by any row/colm"

2nd NOW:

J =G1
+

1;y) +1
+

13
-

1+115+0) =)
=(1)(1+1) + 1(2 +1)

=3

&xdydz=3dududw



(Continued) ꋷ

② Assume: x
=2n - V - W

y
=u + V

z
=u +V +w

J =3508

SSS f5.8,z1dVxyz=SCSF(n,v,w)3
d Vava

DaveDxyz J

F(n,v,w) =f(2u -v-y,n
+v,n+v+w)

Eg: If itf
=1 and Dxyxis the

region of Durn is 02U=1,01012,
0 =w

= 3,

SISOVyz =SS'dndvdw =3.3.2 = 15

Dnow ↓



* Q:Why does it work? ꋸ

Ans:We assume the following
fundamental property of Determinants

ThM (RY det1a ) = Area of
Ilrogram

E =(i) B =(hal
17

Area =deta
a Area
⑤ 7

I
>



Now consider (n,v)->(x,y)
ꋹ

x
=au +bv

y
=cu +dv

This is a linear transformation:

(h) =(a)(2)
How does it map unit squareexcok?
(i)=(, )(6); (B) =(ia))(i)
Vi G(,d)
- |

(coi

nTTDo ill's said
>

X

(1,0)x (0,1) ->(ic x(bd)
UV-area xy - are a



Conclude The ꋺ
-

i map (n,V) -> (x,y)

maps Dxy -> Dav
↑ ↑

the ll-ogram unit square
spanned by-
(d) & (b, d) (10) x(0, 1)

MS:dxdy =5 dudv

In general;
x =g(u,v)

y
=h(u,v)

at (n,v) is approximated by mapping

17x-you] => dxdy
=Idde

samereason?



Similarly in IR3: ꋻ

Area ofdett i-opipedI1 1
->
A

so() =(n7in)
w -jy=*"/
I >V -↑ #-maps -7B=F

1
> u

Hopiped
unit 3-cube spanned by
in (H,V,w) columns of Matrix

Conclude:dxdydz=J dndvdw

In general:onx] =oxigian]
=>same Result



· Oxentation:the Jacobian

keeps track of the order (n,v)
map

Defn:If (n,v) -> (x,y) is given

by y=gcnovandsee 5=Gtum1/FO
Then:

500
orientation preserving

J<8 oventation reversing

same in R 3:

x
=g(n,v,w)

y
=h(n,v,w) -ExiodI
z =k(u,v,w)



Application: ꋽ

1R?We say a coordinate system
(x,y) is positively oriented if

I
1

there's 900betw.pos x & posy
or positive

x negative
>x S

y

Th:For (u,v)->(x,y), Js iff

(u,v) has same orientation as (x,y)



ꋾ

Similarly in 13

13:(x,y,z) is positiveoriented if

Right Hand Rule holds +y

rz ivf
by POSI

&

>x

oriented negatively1x

Vz oriented

thms If (x,y,2) is positively
-
->

oriented, then so is (n,v,w)

it and only if J =opityis 0.



Example:Assume (x,y) is ⑲
x =r(OSA

positively oriented, and
y =using

Determine whether (GA) or (8, v)

is positively oriented.

We have:

J =16(x,y)) =X,z-
check: Gxi) =2 -rI IfII
"Determinant changes sign if

you interchange two rows or comes"



ꌀ
Similarly in R3xa t
Jaxidit =NGNF1/zzzzzw
Conclude:if ↑T

interchange

50, then two columns

=>chng sign

pointso tiny, etc
↑T ↑↑

twoonechange interchanges


